Abstract. In this note we show a new upperbound for the function ex(n; T K p ), i.e., the maximum number of edges of a graph of order n not containing a subgraph homeomorphic to the complete graph of order p. Further, for 2n+5 3
Introduction.
As Bollobas says in [1] , for many graph theorists one of the most general extremal problems is to find exact values of the function ex(n; T K p ), i.e., the maximum number of edges of a graph of order n not containing a subgraph homeomorphic to K p , where K p is the complete graph with p vertices. But exact results for that function are only known for small values of p, trivially ex(n, T K 3 ) = n − 1 (n ≥ 3), and Dirac [2] proved that ex(n, T K 4 ) = 2n − 3 (n ≥ 3). For the case p = 5, Dirac conjectured [3] that ex(n, T K 5 ) = 3n − 6. But this value remains a conjecture and only some upperbounds due to Thomassen [7] are known, as ex(n, T K 5 ) ≤ 4n − 11. For greater values of p, Mader [5] showed that for every p there exists a constant c p such that ex(n, T K p ) ≤ c p n (n ≥ p). Later Mader [6] himself proved that
where n ≥ t(p) = 3·2 p−3 −p with p ≥ 4. And by considering the graph K p−2 +K n−p+2 it is easy to get that
This inequality gives, actually, the exact results of the function for small values of p, but Mader [5] noticed, considering the complete 5-partite graph with two vertices in each class, that 7 is the greatest value of p for which equality can hold.
The aim of this note is to provide an upperbound for the function ex(n; T K p ), showing that it is optimal in some situations, in such a way that for sufficiently large values of n and p the previous upperbound will be an equality. Actually, if 2n+5 3 ≤ p < n, we will show exact values for ex(n; T K p ). Notations and terminologies not explicitly given here can be found in [1] .
Definitions and notations.
The study of ex(n, T K p ) may be stated equivalently as ex(n, T K n−q ) for appropriate values of q. In general, the technique we will apply to get our bounds is to choose q vertices of a graph G with n vertices in such a way that the remaining n − q vertices of G will be the branch vertices of the subgraph of G homeomorphic to K n−q . (A vertex is called a branch vertex if its degree is not 2.)
In order to achieve the goal described above, we introduce some definitions and notations. For a graph H and a set {v 1 , . . . , v q } of vertices of H, we denote by H 0 = H and by H k for k = 1, . . . , q the induced subgraph in H by the set of vertices
Most of the lemmas (as previous results) of this paper are devoted to obtaining graphs with certain prescribed properties, and those graphs will be used to prove the bounds given in the theorems. For the sake of simplicity (or in order to avoid excessive repetitions), we can say that if r, t are two nonnegative integers, we define the family of graphs C t r as the set of graphs H such that there exists a set {v 1 
First of all, we check that the families given above are nonempty. 
In the previous lemma, the most important role is played by the vertices (r), and we do not care about the number of edges (t); obviously, from now on we will try to obtain tight values on the number of edges and from those values we will get our bounds.
3. An upperbound of ex(n, TK p ). In this section, we provide a new upperbound of ex(n, T K p ); this upperbound will turn out to be the exact value of the function in many cases, as we will see in the next section.
First, we will give a sufficient condition on the edges of a graph to belong to the class C. Lemma 2. Let n, q be two positive integers, with q < n. If H is a graph with n vertices and 2q edges, then 
As we said before, once we have obtained in Lemma 2 an upperbound to the number of edges (refining, in this way, Lemma 1), we can get an upperbound to ex(n, T K p ); thus, the first result related to this function is the following theorem. Theorem 3. Let n, p be two positive integers, with n > p. Then
Proof. The upperbound is equivalent to
where q is a positive integer with q < n. Let G be a graph with (
) − 2q edges. We will prove that G contains a subgraph homeomorphic to 
Proof. Consider the graph obtained from K n removing 2q + 1 nonadjacent edges (obviously, we need that n ≥ 4q + 2). This graph does not contain a subgraph
) − (2q + 1). Now, let G be a graph having 4q − k + 1 vertices, with q ≥ 4 and 0 ≤ k ≤ q − 1, in such a way that G is the graph formed by k + 1 nonadjacent triangles and 2(q − k) − 1 nonadjacent edges, as in Figure 1 . If we choose a set of q vertices of G, it is evident that G q has at least q + 1 edges; hence the graph G constructed does not contain a subgraph homeomorphic to K n−q . 
Our next aim is to prove that the previous inequality is, in fact, an equality. For that goal we need some prior results. First, we will show that given a graph with maximum degree 2 and at least m vertices of maximum degree, it is possible to get at least m+2 3 nonadjacent vertices of maximal degree. We recall that given a graph H and v ∈ H, the set of adjacent vertices to v in H is denoted by Γ(v) (see [1] ).
Lemma 6. Let k be a nonnegative integer and H a graph with maximum degree 2 and at least 3k + 1 vertices of maximum degree. Then there exist at least k + 1 nonadjacent vertices with degree 2.
Proof. We apply induction on k. For k = 1 the result is obvious. Suppose now that k > 2 and the result holds for k − 1. Let w be a vertex of H of degree 2, we denote by H * = {v ∈ V (H) − {Γ(w) ∪ {w}}} H . Hence H * is a graph with at least 3k + 1 − 3 = 3(k − 1) + 1 vertices with degree 2 and, by the induction hypothesis, H * has at least (k − 1) + 1 = k nonadjacent vertices {w 1 , . . . , w k } of degree 2. Thus the k + 1 vertices w, w 1 , . . . , w k are nonadjacent with degree 2.
The next result basically asserts that given a positive integer q and given H, a graph with maximum degree 2 whose number of vertices and edges depends on q, it is possible to get a set of vertices such that upon removing those vertices from H, the resulting graph has at most q edges. 
From those equalities it is deduced that n 2 = 3(k − i) + 1 + n 0 . For i ≤ k, by Lemma 6, the number of nonadjacent vertices with degree 2 is greater than or equal Downloaded 01/22/16 to 150.214.182.82. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php to k − i + 1. We choose {v 1 , . . . , v q−i } as in Lemma 1. So we guarantee that of the previous vertices at least k − i + 1 have degree 2, and, therefore, if we remove the vertices {v 1 , . . . , v q−i } from H, we would delete at least 2(k − i + 1) + q − (k − i + 1) edges. Thus we have that
For i > k, if we take the subset {v 1 , . . . , v q−i } of vertices of H like in Lemma 1, it is immediate that
Given a graph H we will show that it is possible to obtain a set of q vertices in such a way that if we remove them from H, then the graph H q has at most q edges.
Lemma 8. Let q, k be two positive integers with k ≤ q − 2. Let H be a graph with 4q − k + 1 vertices and 2q + k + 1 edges. Then H ∈ C. Proof. First, suppose that the maximum degree of H is 2. In this case we have 2n 2 + n 1 = 2(2q + k + 1),
From those equalities it is deduced that n 2 = 3k + 1 + n 0 and, by Lemma 6, the number of nonadjacent vertices with degree 2 is at least k + 1. We take {v 1 , . . . , v q } as in Lemma 1. If the number of nonadjacent vertices of degree 2 is greater than or equal to q, it is obvious that |E(H q )| ≤ q. If, on the contrary, it is smaller than q, then if we remove the vertices {v 1 , . . . , v q } from H, we would be suppressing at least 2(k + 1) + q − (k + 1) edges and, therefore,
If the maximum degree of H is at least 3, there exists j ∈ {1, . . . , q} such that the maximum degree of H j is smaller than or equal to 2 and upon applying Lemma 7 the result follows.
In order to show that we have an equality in Lemma 5, the following theorem will be based on the same idea of the proof of Theorem 3. We start from a graph G with a given number of vertices and edges and we will construct a bipartite graph in such a way that if we show the existence of a complete matching in this bipartite graph, then it will guarantee us that G contains a subgraph homeomorphic to K n−q . We recall Hall's condition for complete matching.
Theorem 9 (see [4] ).
Given a bipartite graph with classes X and Y , if |Γ(A)| ≥ |A| for all A ⊂ X, then there exists a complete matching, where
Theorem 10. Let n, p be two positive integers with
Proof. It is equivalent to prove that (a 1 , b 1 ) 
Since k ≤ q − 3 we would have that |E(H)| > 2q + k + 1, but this is not possible, thus
We denote by A ij the set of vertices {e i , e j } for i, j ∈ {1, . . . , q} 
Conclusions.
Up to now, exact values of the function ex(n, T K p ) were known only for p = 3, 4. In this work, we provide a new upperbound to that function and we give its exact value when 2n+5 3 ≤ p < n. We can summarize our results in Table 1 .
